In this paper a detailed mathematical model is presented for the fermentative production of fructo-oligosaccharides with Aspergillus sp. The model accounts for hydrolysis and transfructolization reactions, as well as biomass formation and it contains 27 parameters that were determined from experimental data using a System Biology toolbox with the Simulated Annealing method for curve fitting. Several additional experiments were performed in bioreactors where the time variation of 7 state variables (Sucrose, Glucose, Fructose, 1-Kestose, Nystose, 1-fructosyl nystose and Biomass) was measured. Experimental data were compared with results from simulations using the estimated parameters and it was verified that the model can predict the FOS production profile. The good agreement between simulated and experimental data was verified by calculating the relative percentage deviation modulus, which was lower than 10% for all cases except one. The derived and validated model can be used for process optimization, for example for indicating which fed-batch strategy could be used to improve the production of FOS while minimizing glucose concentration.
Introduction
Within Industrial Biotechnology, a very promising application is the production of ingredients for functional foods, since the market for those products has been growing at very interesting rates [9] . In recent years some prebiotics have been described as beneficial food ingredients because of their proprieties of modifying the intestinal microbiota, favoring the growth of some beneficial bacteria [1;2;10;11] . Fructooligosaccharides (FOS) have become one of the most important prebiotic products with healthy properties, being possible to find them, usually in trace amounts, as natural components in fruits, vegetables and honey [8;11] . Although industrially these products are mainly extracted from those natural sources, they can be also produced from sucrose by the action of β-fructofuranosidase [FFase; EC 3.2.1.261] obtained from some organisms. Various fungi such as Aureobasidum sp., Aureobasidum pullulans, Aspergillus niger, Aspergillus japonicas, Aspergillus oryzae and Scopulariopsis brevicaulis [3;5;6;8;12;13;15] produce those oligosaccharides that are mainly composed of 1-Kestose, Nystose, and Fructosylfuranosyl nystose in which 1-3 fructose units are bound at the β-2,1 position of sucrose [16] .
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However, besides the fructosyltransferase activity, β-fructofuranosidase also exhibits hydrolytic activity [4;5;7;12] , which can dominate the process depending on a combination of factors including the sucrose concentration. This fact will ultimately lead to lower production yields and to a contamination of the final product with the monosaccharides glucose and fructose. Additionally, in a fermentative process for the production of FOS, substrate consumption for biomass growth has also to be considered, increasing even further the complexity of the process and motivating the application of mathematical modelling approaches such that non-obvious operation conditions can subsequently be found that maximize the productivity of FOS and minimize the accumulation of monosaccharides.
Mathematical Model
The main aim of this work was to formulate a general model that characterizes the main reactions representing the fermentative FOS production process. It is based on the empirical equations of enzymatic production of fructooligosaccharides from sucrose. The model contemplates both hydrolysis and transfructosylation kinetic equations representing β-fructofuranosidase activity and growth rate equations for the microorganism. The enzymatic reactions were divided in two main categories: the hydrolysis reactions, representing FOS and sucrose degradation, and the transfructosylation reactions that describe FOS synthesis. In the formulation of the model only three different FOS were considered: 1-Kestose, Nystose, 1-fructofuranosyl nystose. A prior analysis of fermentation samples by HPLC indicated only the presence of these oligosaccharides.
Hydrolysis reactions
The hydrolysis of saccharose and FOS by β-fructofuranosidase is described by equations 2 to 5. It is considered that all the di-and oligo-saccharides can be hydrolysed by the action of the enzyme. . . . . . .
Duan and co-authors [4] proposed a Michaelis-Menten equation with substrate inhibition to represent nystose hydrolysis. In our model, this phenomenon was considered to occur also during the hydrolysis of 1-kestose and 1-Fructosylfuranosyl nystose. The FOS hydrolysis kinetic equation is then given by:
(1 ) ) for GF i .
For sucrose hydrolysis, a Michaelis-Menten equation was used, given by:
where Vmh GF is the maximum hydrolysis rate (g L -1 h -1 ), GF is the sucrose concentration (g L -1 ) and Kmh GF is the Michaelis-Menten constant for sucrose (g L -1 ).
Transfructosylation reactions
The formation of oligosaccharides can occur by a transition of a fructosyl residue from one molecule to another like it was described by Duan and co-authors [4]: ), Kmt GFi is the Michaelis-Menten constant (g L -1 ) for the GF i oligosaccharide and Kit GFi is the competitive inhibition constant (g L -1 ).
Growth reactions
The formation of biomass can either occur from glucose or fructose consumption and can be described by:
Since substrate consumption for maintenance was considered to be significantly smaller, it was neglected. The proposed Monod equations are given as follows:
,max . . ) and KS j is the affinity constant for the substrate (g L -1 ). The Y G and Y F in equations 12 and 13 are the biomass yields when the glucose or fructose are used for biomass growth (g g -1 ).
Derivation of model equations
After establishing both the reaction scheme and the kinetic equations, a general dynamical model of the process accounting for mass transfer, biomass growth and enzymatic reactions was defined. In the formulation of this model 7 state variables have been considered: sucrose (GF), Glucose (G), Fructose (F), 1-Kestose (GF 2 ), Nystose (GF 3 ), 1-fructofuranosyl nystose (GF 4 ) and Biomass (X). The time derivatives of the concentration of studied components for a fed-batch bioreactor are given as: ( . ); GF in is the sucrose concentration on the feeding (g L); D is the quotient between the total feed rate (F in,total ) and the V is the total volume of liquid inside reactor (L).
Materials and Methods
Two fermentations of Aspergillus sp. were performed in a 5 L fermentor (B. Braun Biotech International), model Micro-DCU 200 at a pH of 5 and 30ºC, with Czapek Dox Media of OXOID and an initial sucrose concentration of 200 grams per litre. During those fermentations, the time evolutions of the 7 state variables present in model were measured. The growth was monitored by dry cell weight, where three 10 mL samples were filtered with a 0.45 micron filter and dried at 105 ºC for 20 h. The supernatant was used to determine the carbohydrates concentration. They were analyzed in a JASCO HPLC instrument with a refractive index detector using a VARIAN MetaCarb 87P column. The column was maintained at 25 ºC, and a mixture of water and acetonitrile was used as a mobile phase at 1 mL min -1 .
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Afterwards, the collected data were used for the determination of unknown kinetic and yield coefficients with a Simulated Annealing method included in the System biology toolbox [14] . For the estimation of kinetic and yield coefficients only data from one experiment of each microorganism were used. This experiment was chosen randomly. Data from the remaining experiments were used to validate the model accuracy. The fitting was performed by minimizing a total cost function that represents the adjustment between experimental and simulated data:
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Results and Discussion
The first task was to find the values for the 27 unknown parameters already described in model equations. The parameters obtained using the system biology toolbox are shown in Table 1 . The values obtained were compared with some kinetic parameters values from literature [4] , for a β-fructofuranosidase derived from an Aspergillus japonicus. Subsequently a simulation was carried out in System Biology toolbox using those parameters and the results were compared with the experimental data obtained from a second fermentation. The comparison between simulated and experimental data is shown in figure 1 . These results show that the proposed mathematical model can predict correctly the time profiles for the state variables.
Conclusions
In this paper we present a detailed mathematical model for the production of fructooligosaccharides with Aspergillus sp. To the best of our knowledge, although several models representing the enzymatic reactions have been published, this is the first model that represents the fermentative process, therefore accounting for biomass formation. Experimental data were compared with results from simulations using the estimated parameters and it was verified that the models can predict the FOS production. Once the model is derived and validated, it can now be used for process optimization, for example for indicating which fed-batch strategy could be used to improve the production of FOS while minimizing glucose concentration. 
